Abstract. We give a universal diagram property which characterizes, up to algebraic equivalence, the minimal normal extension of a subnormal operator.
1.
Introduction. An operator S on a Hilbert space % is called subnormal if there exists a normal operator N on a larger Hilbert space % D % such that S = N\%. Such a normal operator N is called a normal extension of S. If, in addition, % is the smallest closed subspace of % containing % and reducing N, then TV is called the minimal normal extension of S. P. R. Halmos [8] introduced subnormal operators and showed that there is always an essentially unique minimal normal extension of a subnormal operator.
In what is still the basic paper on subnormal operators, J. Bram showed, among many other things, that if 0 is a ^isomorphism between a C*-algebra &x C B(%x) and a C*-algebra <3L¿ C B(%2), then A E <£x is subnormal if and only if 9(A) is subnormal [3, p. 80] . Thus the concept of subnormality is actually an algebraic property, not a spatial property. An explicit algebraic characterization of subnormality was given in [4, Proposition 1] . This characterization makes obvious the fact that if 9: £E, -> S^ is a *-homomorphism then 9(A) is subnormal if A is subnormal. The purpose of this paper is to give an algebraic characterization of the minimal normal extension of a subnormal operator. We characterize the minimal normal extension as the universal object for certain diagrams.of completely positive maps. The methods used in this paper are essentially the methods of Bram applied to the Stinespring decomposition of various completely positive maps. In §3 we remark that similar C*-algebraic characterizations can be given for the minimal strong unitary dilation and minimal coisometric extension of a contraction.
2. The universal property of minimal normal extensions. We refer the reader to [2, Chapter 1] for the definition and basic facts concerning completely positive maps and their Stinespring decompositions. For a subnormal operator S E B(%) let N E B(%) be the minimal normal extension of S. Let P be the orthogonal projection of % onto %. We shall henceforth call the pair (N, P) the minimal normal extension of S.
For A an element of any C*-algebra with identity we denote by C*(A) the C*-algebra generated by A and the identity. If «p: $, -> 6^ is a completely positive map between C*-algebras and A E $,, we say that <p is A-multiplicative if q>(A*A) = y(A*)<p(A). Proof. It is clear that 9: B(%) -^ B(%) given by 9(A) = PA\% is completely positive and 9(N) = S. Since S* = PN*\%, 9(N*'Nj) = S*'Sj for all ij > 0. Thus 9(^aijN*iNj) is in C*(S), and 9 maps any element of the ""-algebra generated by N into C*(S). It follows that 9 maps C*(N) into C*(S). Since Theorem 1 gives an algebraic characterization of the minimal normal extension N of a subnormal operator S, it is natural to ask if there is a nonspatial way to construct N. In the rest of this section we outline such a construction, using the C*(S)-modules of [11] and [12] .
Let 5 be an element of a C*-algebra & with identity. We will say that S is subnormal if for all finite sets B0, Bx, . . ., Bn in & we have « (1) 2 B*S*JS'Bj > 0. (2) 2 B*S*JS*SS-Bj <\\S\\2 2 B*S*JS'Bj.
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There should be a direct C*-algebraic proof that (1) implies (2) without using Theorem 1 of [3] , but we have been unable to find such a proof. If S is a subnormal operator in some C*-algebra, we will say that (N, 9) is the minimal normal extension of S if 9: C*(N) -* C*(S) is a universal object for diagrams \b: C*(M) -> C*(S) of unital completely positive A/-multiplicative maps which take M to S, where M is a normal operator. Let S he a subnormal operator in some C*-algebra. Let X0 be the set of all finitely nonzero sequences (AßJL0 with each Aj in C*(S). We make X0 into a C* (5) 3. Universal diagram properties of other types of dilations. In this section we state, without proof, the characterization (up to algebraic equivalence) of the minimal strong unitary dilation and coisometric extension of a contraction in terms of being the universal object for certain diagrams. We refer the reader to [7] for the definitions and properties of the minimal strong unitary dilation and coisometric extension of a contraction. Since in most cases the minimal strong unitary dilation is a bilateral shift, the results for the minimal normal extension of a subnormal operator are of more interest than the results of this section.
Let T E B(%) with ||7|| < 1 and let U E B(%) he the minimal strong unitary dilation of T, with P the projection of % onto %. Define 9: C*(U)^>C*(T) by 9(A) = PA\%. Then 9 is completely positive, 9(U') = T for all 1 > 0 and methods similar to those of section two show that 9: C*(U)-*C*(T) is a universal object for diagrams 4>: C*(W)->C*(T) of unital completely positive maps with ^(W) = T' for 1 > 0 and W unitary. The analog of Theorem 3 also holds in this case. If T is assumed to be a contraction operator in an abstractly given C*-algebra, then, as outlined in section two for the case of the normal extension, the universal object 9: C*(U) -* C*(T) can be constructed using C*(7>modules.
For a contraction T E B(%) with minimal coisometric extension U E B(%) and projection P from % onto %, let 9: C*(U) -+ C*(T) he given by 9(A) = PA\%. Then 9: C*(U) -* C*(T) is a universal object for diagrams v^: C*(W)-^> C*(T) of unital completely positive ^-multiplicative maps with \p( W) = T and W a coisometry. Again, a version of Theorem 3 is true in this case and 9: C*(U) -> C*(T) can be constructed in a space-free manner.
